In this paper, by considering the potential application in two mode nonlinear waves in nonlinear fibers under a certain case, we define a coupled nonlinear Schrödinger equation(called Frobenius NLS equation) including its Lax pair. Afterwards, we construct the Darboux transformations of the Frobenius NLS equation. New solutions can be obtained from known seed solutions by the Dardoux transformations. Soliton solutions are generated from trivial seed solutions. Also we derive breather solutions q, r of the Frobenius NLS equation obtained from periodic seed solutions. Interesting enough, we find the amplitudes of r vary in size in different areas with period-like fluctuations in the background. This is very different from the solution q of the single-component classical nonlinear Schrödinger equation. Then, the rogue waves of the Frobenius NLS equation are given explicitly by a Taylor series expansion about the breather solutions q, r. Also the graph of rogue wave solution r shows that the rogue wave has fluctuations around the peak. The reason of this phenomenon should be in the dynamical dependence of r on q which is independent on r. PACS number(s): 05.45. Yv, 42.65.Tg, 42.65.Sf, 02.30.Ik 
Introduction
In the past several decades, nonlinear science has experienced an explosive growth with several new exciting and fascinating concepts such as solitons, breathers solution, rogue waves, etc. Most of the completely integrable nonlinear systems admit one striking nonlinear phenomenon, described as solitons, which is of great mathematical interest. The study of the solitons and other related solutions has become one of the most exciting and active areas in the field of nonlinear sciences. Among these studies, the nonlinear Schrödinger(NLS) equation is one of the most popular soliton equations which arises in different physical context [1] . Such equations have the stable soliton solutions, which are a fine balance between their linear dispersive and nonlinear collapsing terms.
In addition to solitons [2] [3] , rouge waves become the subject of intensive investigations not only in oceanography [4] [5] [6] , but also in matter rogue waves [7] in Bose-Einstein condensates, rogue waves in plasmas [8] , and financial rogue waves describing the physical mechanisms in financial markets [9] . Rogue wave is localized in both space and time, which seems to appear from nowhere and disappear without a trace. In the above-mentioned fields, soliton systems including the nonlinear Schrödinger(NLS) equation [10] , derivative NLS systems [11] [12] the Hirota equation [13] [14] [15] , the NLS-Maxwell-Bloch equation [16] and the Hirota and Maxwell-Bloch equation [17] [18] [19] are considered and reported to admit rogue wave solutions.
It has been shown that the simple scalar NLS could describe nonlinear waves in nonlinear fibers well and coupled NLS equations are often used to describe the interaction among the modes in nonlinear optics and BEC, etc.. By considering the interaction between two different optical fibers, the symmetric coupled NLS equation was sometimes studied such as [20] . In this article, we will consider another nonsymmetric coupled NLS equation called Frobenius NLS equation as following iq t + q xx + 2q 2 q * = 0, ir t + r xx + 2q 2 r * + 4qq * r = 0.
(1.1)
Where (q, r) represent the wave envelopes, t is the evolution variable, and x is a spatial independent variable. Under the equation (1.1), we introduce two mode optical signals into a nonlinear fiber operating in the anomalous group velocity dispersion regime, marked by (q, r). This equation should describe the case in nonlinear optics when one fiber is independent and the amplitude r of nonlinear waves in another fiber can be affected by the amplitude q of this one.
It was remarked that the Darboux transformation is an efficient method to generate soliton solutions of integrable equations [21] [22] . The multi-solitons can be obtained by this Darboux transformation from a trivial seed solution. Being different from soliton solutions, breather solutions can be derived from periodic solutions through Darboux transformation. This kind of solution exhibits a good periodic, and other forms of solutions such as rogue wave solutions can be obtained from breather solutions. In this paper, we shall study the rogue waves of the Frobenius NLS equation by the Darboux transformation.
This paper was arranged as follows: In section 2, we recall some basic facts about the nonlinear Schrödinger(NLS) equation and then we give the definition of the Frobenius NLS equation and its Lax representation. In section 3, we calculated the Dardoux transformation of the Frobenius NLS equation. Using Darboux transformation, soliton solutions will be given in section 4 by assuming trivial seed solutions. In section 5, starting from a periodic seed solution, the breather solution of the Frobenius NLS equation is provided. A Taylor expansion from the breather solution will help us to construct the rogue wave solution in section 6.
NLS equation and Frobenius NLS equation
In this section, let us firstly explore the source of the Lax form of the nonlinear Schrödinger equation (eq.(2.7)). The integrable method of soliton equations is always to use the zero curvature equation such as following
We can export many soliton equations by choosing appropriate values of M and N as
3) 4) and λ is a complex parameter.
Here the zero curvature equation (eq.(2.2)) becomes
For example, by choosing appropriate values of A, B, C as
where
The well-known nonlinear Schrödinger(NLS) equation can be derived as following
Now one can consider a transformation ϕ [1] = T ϕ which change ϕ x = M ϕ into ϕ [1] and this transformation can be called Darboux transformation. 
which leads to
The same procedure may be easily adapted to obtain
Thus the following identity can be seen
Due to the Darboux transformation, the zero curvature equation
If ψ is a solution of (eq.(2.7)), and under the Dardoux transformation, ψ [1] will be another solution of eq.(2.7)
Now let us consider the case when ψ take values in a specific Frobenius algebra Z 2 = C[Γ]/(Γ 2 ) and Γ = (δ i,j+1 ) ij ∈ gl(2, C), i.e. ψ = qE + rΓ, we can get the the Frobenius NLS equation as iq t + q xx + 2q 2 q * = 0, ir t + r xx + 2q 2 r * + 4qq * r = 0, (2.12)
whose Lax equation will be given in the next subsection.
Lax equation of the Frobenius NLS equation
In the Lax equation of the original NLS equation, we imagine
in the eq.(2.6). Then we can find the Lax equation of the Frobenius NLS equation, i.e. the following linear spectral problem of the Frobenius NLS equation
Darboux transformation of the Frobenius NLS equation
In this section, let us consider the Darboux transformation of the Frobenius NLS equation, i.e. when all functions take values in the commutative algebra Z 2 = C[Γ]/(Γ 2 ) and Γ = (δ i,j+1 ) ij ∈ gl(2, C). we can suppose the Darboux transformation operator T of the Frobenius NLS equation is as follows
For the eq.(2.8), we can get
By comparing the coefficient in terms of λ, we can get
So functions a 10 , a 11 , d 10 , d 11 , are independent on x. Also the following identities must hold
and we can further get
T , we can get functions a 10 , a 11 , d 10 , d 11 should be independent on t using the same method. This suggests that a 10 , a 11 , d 10 and d 11 are constants. Then the form of Dardoux transformation operator is as following
Now we will try to determine the specific expression of the matrix T . In order to solve this problem, we must use eigenfunction, which contains λ, to determine their expressions through the parameterized method. Next, we will introduce the properties of eigenfunctions in the spectral problem in a lemma as follows Lemma 1.
For ϕ j10 = ϕ j10 (x, t, λ j ), ϕ j11 = ϕ j11 (x, t, λ j ), ϕ j20 = ϕ j20 (x, t, λ j ), ϕ j21 = ϕ j21 (x, t, λ j ), j = 1, 2, if ϕ 110 , ϕ 111 , ϕ 120 , ϕ 121 are components of the solution ϕ 1 = ϕ 110 E + ϕ 111 Γ ϕ 120 E + ϕ 121 Γ of eq.(2.13) with λ = λ 1 . And the −ϕ * 120 (x, t, λ * 1 ), −ϕ * 121 (x, t, λ * 1 ), ϕ * 110 (x, t, λ * 1 ), ϕ * 111 (x, t, λ * 1 ) will also be the components of a new solution ϕ 2 of eq.(2.13). That means the linear system (2.13) admits the following constraint ϕ 210 = −ϕ * 120 (x, t, λ * 1 ), and λ 2 = λ * 1 .
According to the Lemma 1, by choosing a 10 = a 11 = 1, d 10 = d 11 = 1, we can get the one fold Darboux transformation for Frobenius NLS equation as follows 21) and then the new solution q [1] , r [1] can be obtained by the Darboux transformation
The Darboux transformation matrix T 1 must satisfy the following equation substituting ϕ j10 , ϕ j11 , ϕ j20 , ϕ j21 into (3.24) , then the new solution becomes
If we substitute these eigenfunctions into the Darboux transformation equations (3.24) with α = 0.5, β = 1, then we can obtain the soliton solutions of the Frobenius NLS equation whose graphs are shown in Fig.1 .
Breather solutions of the Frobenius NLS equation
From the previous section, solitons have been discussed for the Frobenius NLS equation. In this section, we will focus on a new kind of solution which start from periodic seed solutions by the Darboux transformation. The new solutions are named breather solutions. The periodic seed solutions can be assumed as q = ce iρ , r = ide iρ , ρ = ax + bt, a, b, c, d are arbitrary real constants. Substituting the periodic seed solutions into (2.12), through proper simplification, we can obtain a constraint 
The solutions will be trivial, if we put eigenfunction ψ 110 , ψ 120 , ψ 111 , ψ 121 , into the Darboux transformation directly. So, according to the principle of linear superposition and contract conditions, we can construct the solution of more complicated but very meaningful. The eigenfunctions ϕ 110 , ϕ 120 , ϕ 111 , ϕ 121 , associated with λ 1 can be given as
It can be proved that ϕ 110 , ϕ 111 , ϕ 120 and ϕ 121 are also the solution of the Lax equation with λ 1 = α + iβ, α = − a 2 . Putting ϕ 110 , ϕ 111 , ϕ 120 and ϕ 121 into the Darboux transformation will lead to the construction of breather solutions of the Frobenius NLS equation. For brevity, in the following, an explicit expressions of breather solutions q [1] b , r [1] b are obtained with specific parameters
(5.28) Where v 1 is explicitly given in Appendix A and R = β 2 − c 2 . Remark 1. From the graphs of the breather solutions of the Frobenius NLS equation which are plotted in Fig. 2 . We observe that the breather solution q [1] b is periodic, while the amplitude of the optical wave of the breather solution r [1] b is not periodic any more because of different amplitudes of peaks from the Fig. 2 . We can also observe that there exist period-like fluctuations in the background of fiber wave r [1] b in the Fig. 3, Fig. 4 . One of the important reasons causing the above phenomena is that r [1] b is affected by q 
Rouge waves solutions of the Frobenius NLS equation
If the eigenvalue λ of eigenfunction ϕ is a null point, a limit as a rogue wave will happen in the wave propagation direction. Here, let's clarify this statement. We can find R = 0, when λ = − a 2 + ic , i.e. α = − a 2 , β = c. Then we do the Taylor expansion to the breather solution (5.28) at β = c, α = − a 2 , one rogue wave solution of q w , r w will be obtained. The form will be given in the following
where v 2 , v 3 are defined in Appendix B.
Remark 2. From the density graph of the rouge wave solutions q w , r w , we can see that the rouge wave solution q w have a single peak with two caves on both sides of the peak, while the rouge wave solution r w only have a single peak without any obvious caves around. Because the optical pulse r w is affected by another optical pulse q w , the optical signal r w has fluctuations around the rouge wave (see in Fig.5 and Fig.6 ). Similarly as q w , the optical pulse r w only exists locally with all variables and disappear as time and space go far which can be seen in the Fig. 7. (|q [1] | 2 ) (|r [1] | 2 ) Figure 1 : Soliton solutions(q [1] , r [1] ) of the Frobenius NLS equation with α = 0.5, β = 1.
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